We prove exactly that the squared entanglement of formation, which quantifies the bipartite entanglement, obeys a general monogamy inequality in an arbitrary multiqubit mixed state. Remarkably, based on this kind of exotic monogamy relation, we are able to construct two sets of entanglement witness: the first one indicates the genuine tripartite entanglement without the two-qubit concurrence and three-tangle, while the second one can be calculated via quantum discord and applied to multipartite entanglement dynamics. Moreover, it is elaborated that the entanglement monogamy property is related to that of quantum correlation. 
For multipartite quantum systems, one of the most important properties is that entanglement is monogamous [1] , which implies that a quantum system entangled with one of other systems limits its entanglement with the remaining others [2] . For entanglement quantified by the squared concurrence [3] , Coffman, Kundu, and Wootters (CKW) proved the first quantitative relation [4] for three-qubit states, and Osborne and Verstraete proved the corresponding relation for N -qubit systems, which reads [5] 
The similar inequalities were also generalized to Gaussian systems [6, 7] . As is known, the monogamy property can be used for characterizing the entanglement structure in many-body systems [4, 8] . A genuine three-qubit entanglement measure named "three-tangle" was obtained via the monogamy relation of squared concurrence in three-qubit pure states [4] . However, for three-qubit mixed states, there exists a special kind of entangled states that have not any two-qubit concurrence and three-tangle [9, 10] . To reveal this striking entanglement structure may need other exotic monogamy relations beyond the squared concurrence. On the other hand, from a practical viewpoint, to calculate the entanglement measures appeared in the monogamy relation is basic. Unfortunately, except for the two-qubit case [3] , this task is extremely hard (or almost impossible) for mixed states due to the convex roof extension of pure state entanglement [11] . Quantum correlation beyond entanglement (e.g., the quantum discord [12, 13] ) has recently attracted considerable attention, and various efforts have been made to connect quantum discord to quantum entanglement [14] . It is natural to ask whether or not the calculation method for quantum discord can be utilized to characterize the multipartite entanglement structure. Besides, can we use the monogamy property of entanglement to characterize that of quantum discord?
In this Letter, by analyzing the entanglement distribution in multiqubit systems, we prove exactly that the squared entanglement of formation [3] is monogamous in an arbitrary multiqubit mixed state. Based on the monogamy relation, we construct two sets of multipartite entanglement witness, where the first one can detect the genuine tripartite entanglement without the concurrence and three-tangle, while the second one can be calculated via quantum discord and applied to a practical dynamical procedure. Finally, we relate the two monogamy properties between entanglement of formation and quantum discord.
General monogamy inequality for squared entanglement of formation. -The entanglement of formation in a bipartite mixed state ̺ AB is defined as [11, 15] ,
where the minimum runs over all the pure state decompositions {p i , |ψ i AB } and E f (|ψ i AB ) = S(ρ i A ) is the von Neumann entropy of subsystem A. For a two-qubit mixed state ρ AB , Wootters derived an analytical formula [3] 
where h(x) = −xlog 2 x − (1 − x)log 2 (1 − x) is the binary entropy and C AB = max{0,
} is the concurrence with the decreasing nonnegative λ i s being the eigenvalues of matrix ρ AB (σ y ⊗ σ y )ρ
A1An
. By iterating the property of gradients K i and k j , we finally have the third inequality in Eq. (7), which completes the proof that E 2 f is monogamous in N -qubit pure states.
At this stage, most importantly, we prove that the squared entanglement of formation E 2 f is monogamous in an arbitrary N -qubit mixed state ρ A1A2···An . In this case, the analytical Wootters formula in Eq. (3) cannot be applied to E f (ρ A1|A2···An ), since the subsystem A 2 A 3 · · · A n is not a logic qubit in general. But, we can still use the convex roof extension of pure state entanglement as shown in Eq. (2). Therefore, we have
where the minimum runs over all the pure state decompositions {p i , |ψ i }. We assume that the optimal decomposition for Eq. (8) takes the form
Under this decomposition, we have
where the E ′ f (ρ A1Aj ) is the average entanglement of formation under the specific decomposition in Eq. (9) and the parameter j ∈ [2, n]. Then we can derive the following monogamy inequality
where, in the second equation, the first term is non-negative because the E 2 f is monogamous in pure state components, and the second term is also non-negative from a rigorous analysis seen in Appendix C [17] , justifying the monogamous relation. On the other hand, for the two-qubit entanglement of formation, the following relation is satisfied
since the E ′ f (ρ A1Aj ) is a specific average entanglement under the decomposition in Eq. (9), which is greater than E f (ρ A1Aj ) in general. Combining Eqs. (11) and (12), we can derive the monogamy inequality of Eq. (4), such that we have completed the whole proof for that the squared entanglement E 2 f is monogamous in N -qubit mixed states. Two kinds of multipartite entanglement witness.
Lohmayer et al [9] studied a kind of mixed three-qubit states composed of a GHZ state and a W state
where |GHZ = (|000 + |111 )/ √ 2, |W = (|100 + |010 +|001 )/ √ 3, and the parameter p ranges in (0, 1). They found that, when the parameter p ∈ (p c , p 0 ) with p c ≃ 0.292 and p 0 ≃ 0.627, the mixed state ρ ABC is entangled but without two-qubit concurrence and three-tangle. The three-tangle quantifies the genuine tripartite entanglement and is defined as [4] 
It is still an unsolved problem on how to characterize the entanglement structure in this kind of states, although an explanation via the enlarged purification system was given [10] .
Based on the monogamy inequality of E 2 f in pure states, we can introduce a kind of witness for multipartite entanglement in an N -qubit mixed state ρ A1A2···An as
where the minimum runs over all the pure state decompositions {p i , |ψ i A1A2···An }. This witness can detect the genuine three-qubit entanglement in the mixed state specified in Eq. (13) . After some analysis, we can get the optimal pure state decomposition for the three-qubit mixed state
where the pure state component |ψ
where s p ≃ 0.217061 and s w ≃ 0.238162. In Fig.2 , we plot the entanglement indicators τ
2
A|BC calculated originally in Ref. [9] . As seen from Fig.2 , although the three-tangle τ is zero when p ∈ (0, p 0 ), the nonzero witness τ
SEF indicates the existence of the genuine three-qubit entanglement. This point may also be understood as a fact that the three tangle τ indicates merely the GHZtype entanglement while the newly introduced witness τ can also indicate the W -type entanglement.
In general, the calculation of the witness defined in Eq. (14) is very difficult due to the convex roof extension. Here, based on the monogamy property of E 2 f in mixed states, we can also introduce an alternative multipartite entanglement witness as
where a crucial point is to calculate the bipartite entanglement E 2 f (ρ A1|A2···An ). From the Koashi-Winter formula [18] , the entanglement of formation can be calculated by a purified state |ψ A1A2···AnR with ρ A1A2···An = tr R |ψ ψ|,
where S(A 1 |R) = S(A 1 R) − S(R) is the quantum conditional entropy with S(x) being the von Neumann entropy, and the quantum discord D(A 1 |R) is defined as [12, 13] 
with the minimum running over all the POVMs and the measurement being performed on subsystem R. Recent studies on quantum correlation provide some effective methods [19] [20] [21] [22] [23] [24] [25] [26] for calculating the quantum discord, which can be used to quantify the witness in Eq. (17) . We now apply the witness τ
SEF to a practical dynamical procedure of a composite system which is composed of two entangled cavity photons being affected by the dissipation of two individual N -mode reservoirs. The interaction of a single cavity-reservoir system is described by Hamiltonian 
FIG. 3: (Color online) The witness τ (2)
SEF (ρc 1 r 1 r 2 ) as a function of the time evolution κt and the initial amplitude α, which detects the genuine tripartite entanglement in the dynamical procedure.
. When the initial state is |Φ 0 = (α|00 + β|11 ) c1c2 |00 r1r2 with the dissipative reservoirs being in the vacuum state, the output state of the cavity-reservoir system has the form [27] |Φ t = α|0000 c1r1c2r2 + β|φ t c1r1 |φ t c2r2 ,
where |φ t = ξ(t)|10 + χ(t)|01 with the amplitudes being ξ(t) = exp(−κt/2) and χ(t) = [1 − exp(−κt)] 1/2 . The entanglement dynamical property was analyzed in [27, 28] , but the multipartite entanglement structure in the composite system needs a further investigation. For example, whether there exists genuine tripartite entanglement in the mixed state ρ(t) c1r1r2 . Although the monogamy relation
is unavailable so far because r 1 r 2 is not a logic qubit and then the convex roof extension is needed. However, fortunately, we can use the witness τ (2) SEF (ρ c1r1r2 ) to detect the genuine tripartite entanglement. In Fig.3 , the witness is plotted as a function of the time evolution κt and the initial amplitude α, where the nonzero τ SEF (ρ c1r1r2 ) indicates actually the tripartite entanglement in the dynamical procedure.
Distributions of quantum correlation and quantum entanglement. -Quantum correlation has the nonclassical property beyond that of entanglement [14] , and it is not monogamous in general [29] [30] [31] [32] [33] [34] . The squared quantum discord is proven to be monogamous in three-qubit pure states [16] , but the property for three-qubit mixed states is not satisfied, i.e., the quantity
is not always non-negative. We relate this correlation distribution to that of squared entanglement of formation E 2 f , and then derive that the necessary and sufficient condition for squared quantum discord being monogamous is
where
As an example, we consider a threequbit mixed state ρ ACD = tr B [|W ABCD W |] in which |W ABCD = a|1000 + b|0100 + c|0010 + d|0001 with the parameter a = cosθ 1 , b = sinθ 1 cosθ 2 , c = sinθ 1 sinθ 2 cosθ 2 , and d = sinθ 1 sin 2 θ 2 , respectively. When choosing θ 1 = 0.4π and θ 2 = π/4, we have τ (2) SEF = 0.023844 which is smaller than T 1 + T 2 = 0.058632. In this case, the condition in Eq. (22) is violated and, correspondingly, we have ∆ SQD = −0.034787 not being monogamous.
Conclusion. -We have proven exactly that the squared entanglement of formation is monogamous in N -qubit mixed states, which serves as an important relation complementary to that of concurrence. Based on the relation, we have introduced two kinds of witness: the first one can detect the genuine three-qubit entanglement without the three-tangle, while the second one can indicate the multipartite entanglement in a practical dynamical procedure of cavity-reservoir systems. Furthermore, we have related the monogamy property of quantum discord to that of entanglement of formation.
Acknowledgments. Note added. -During finalizing this work, we noted that a similar idea on the monogamy of squared entanglement of formation was addressed in [35] , but the claimed monogamy for mixed states was not proven in that paper [36] , in contrast to what we have done in the present work. Now, we analyze two endpoints of M for x = 0 and x = 1. When x = 0, we can deduce
where in the second equation we have used the property lim x→+0 xln(x/4) = 0. For the other endpoint x = 1, we can get M(1) = 0. Combining it with the monotonic properties of M, we can find M(x) > 0, which is equivalent to
Furthermore, we analyze the value of second-order derivative d
2 (E 2 f )/dx 2 at the endpoints. When x = 0, we can get On the other hand, when x = 1, we have
Thus, we have completed the proof that the second-order derivative d 2 (E 2 f )/dx 2 > 0 in the whole region x ∈ [0, 1]. In Fig.5 , the derivative is plotted as a function of x, which illustrates our result.
C. The second term in Eq. (11) being non-negative
In the Letter, the second term of Eq. (11) has the form
and here we prove that it is non-negative. For any pure state component |ψ i in Eq. (9) of the main text, the monogamy property of E 2 f is satisfied, and we have 
For the two arbitrary pure state components |ψ i and |ψ k , we can get 
where in the second inequality we have used the relation of the perfect square trinomials
After taking the square root on both sides of Eq. (37), we have
Since |ψ i and |ψ k are two arbitrary components in Eq. (9) of the Letter, the above relation of Eq. (39) is also satisfied for any other component. Therefore, we can obtain
which completes our proof.
